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Introduction

I
T is possible to employ oblique shock waves to induce combustion t o generate thrust. Recent discussion h a s been motivated by the ram accelerator, which has been used to propel projectiles to high speeds, and the oblique detonation wave engine (ODWE), which has been proposed to propel the National Aerospace Plane (NASP).
F o r such devices, i t is o f fundamental importance t o have a theory that c a n predict a steady propagation speed.
T o this end, a Rankine-Hugoniot analysis that utilized a thermal explosion theory was performed b y Powers a n d Gonthier, 1 a n d w a s qualitatively verified i n a numerical analysis b y Powers e t al. 2 Additionally, the numerical analyses of Brackett and Bogdanoff 3 and Yungster and Bruckner, 4 which model ram accelerators powered by H 2 -O 2 combustion, suggest that steady velocities in the range 5000-10,000 m / s m a y b e achievable, although i n these studies only a small number o f steady propagation speeds were found. In this article we briefly review some of the relevant literature, describe a general methodology for determining the steady propagation speed of either ram accelerator projectiles or ODWE-powered aerospace planes, pose a simple model problem t o illustrate t h e methodology, give t h e results o f a numerical analysis, a n d finish with a brief discussion. Much of the substance of this article was first given in Refs. 1 and 2; however, the early results lacked quantitative accuracy due t o highly smeared shock fronts a n d restrictions imposed b y thermal explosion theory. This article extends and improves the previous work through t h e u s e o f a n e w code based o n the Roe method 5 to achieve a much-improved resolution near discontinuities. Because t h e model a n d geometry employed here are particularly simple, it was possible to verify the code by comparing i t s predictions t o a number o f onea n d twodimensional inert and reactive exact solutions. The main new contributions o f this article, i n combination with Refs. 1 a n d 2, are 1) a numerically verified theory for the dependency of steady propagation speed on heat release, and 2) a numerically verified theory for the far-field flowfield behavior.
Review
T h e r a m accelerator (see Fig.  1 ) w a s first tested b y Hertzberg et al. 6 ' 7 In this application, a high-speed projectile is fired into a tube filled with an unreacted mixture of combustible gases. In one test a 70-g projectile was fired into a 16-m-length, 38-mm-bore tube filled i n i t s first three stages with varying combinations o f CH 4 , O 2 , N 2 , a n d H e a t a pressure of 3 1 bar, a n d i n i t s final stage with 0 . 9 C 2 H 4 + 3O 2 + 5CO 2 at a pressure o f 1 6 bar. A shock-induced combustion process accelerated the projectile from an initial velocity of near 1200 m/s to a velocity of 2475 m/s (corresponding to a Mach number M = 8.4) at the end of the tube, at which location it was still accelerating. Downstream pressures near 600 bar were measured. The diameter of the projectile's main body was 28.9 mm. Its length was 166 mm, and the leading-edge conical half-angle 0 = 10 deg. Four stabilizing fins (not shown) of diameter 38 mm were a part of the aft-body. A portion of the oblique shock train is sketched in Fig. 1 ; the various expansion fans and wave interactions are not included. Figure 1 
Methodology and Model Problem
Most recent theoretical studies related to ram accelerators and ODWEs 8 " 24 have not given detailed analyses focused on determining a steady propagation speed, i.e., t h e terminal velocity. Typically, the related problem of flow with a fixed incoming Mach number over a fixed geometry is examined. Emphasis is placed on characterizing the resulting flowfield, and only a small number of incoming Mach numbers are studied. This approach does yield the thrust force as a function of flight speed, but in general does not give the upper velocity bound for the device.
Here we present a general approach to predict the steady speed. One first selects a mathematical model for the fluid and a representative geometry. The model equations are studied i n t h e reference frame i n which t h e projectile i s stationary; thus, the incoming flow velocity, which is the steady propagation speed, is thought of as an adjustable parameter at this stage.
F o r a given incoming velocity, solution o f t h e model equations leads t o a stress distribution o n t h e projectile surface that m a y o r m a y n o t result i n a n e t force o n t h e projectile. Should the particular incoming velocity lead to no net force, that velocity is a candidate for a steady propagation speed. The static stability of the candidate solution is easily determined. Should a perturbation in the incoming velocity lead to a net force that tends to restore the projectile to a speed at which there is no net force, the solution is stable in a static sense (we call such solutions stable); otherwise, the solution is unstable. A further step, not considered here, is to account for t h e inertia o f t h e projectile a n d surrounding fluid s o a s t o determine the dynamic stability.
This methodology is illustrated through the use of a model problem that i s related t o t h e r a m accelerator a n d ODWE. So that our numerical results can be verified by analytic solutions i n certain limits, w e consider a n idealized model a n d geometry that retain essential features of real systems. The geometry, shown in Fig. 3 , is a symmetric double wedge with half angle 9 and length L. Two cowl surfaces are placed symmetrically about t h e wedge a n d a r e separated b y height H . T h e depth o f t h e double wedge a n d cowl i s taken t o b e infinite, and the flow is assumed to have no variation in this direction. The Cartesian coordinate system, with its origin at the leading edge a n d with t h e x axis aligned with t h e incoming flow, i s also indicated. I t i s appropriate t o think o f a r a m accelerator as the axisymmetric analog in which the projectile moves while t h e cowl i s stationary; likewise, a n aerospace plane powered by a n ODWE c a n b e thought o f a s t h e axisymmetric analog in which the cowl moves with the wedge. In both scenarios one must assume that the incoming fuel and oxidizer are completely mixed; in actuality this is more appropriate for t h e r a m accelerator than t h e ODWE. Analysis o f t h e geometry o f Fig T o further simplify, w e consider only t h e limit H -» GO, Fig. 4 . Consequently, our geometry bears only a rudimentary resemblance t o actual devices, b u t h a s t h e a dvantage o f being amenable t o simple analysis. Again for tractability, the flow model employed also has only a rudimentary resemblance to commonly used models for real fluids. We consider an inviscid calorically perfect ideal reacting g a s with one-step irreversible Arrhenius kinetics; t h e reactants and products are taken to have the same molecular weights and material properties. Figure 4 indicates typical flow features. The ambient, premixed freestream fluid encounters an attached oblique shock at the leading edge of the projectile. No appreciable reaction occurs within the shock or near the front of the projectile. Near the apex of the wedge appreciable reaction begins, a n d a t t h e apex t h e flow i s turned through a rarefaction until it attains a velocity parallel to the lee wedge surface.
T h e reaction then proceeds t o completion on t h e leeward side o f t h e projectile.
T h e flow passes through a final oblique shock a t t h e tail o f t h e projectile, resulting i n a velocity only i n t h e x direction.
T h e n e t force o n t h e projectile i s determined b y integrating t h e pressure over t h e e ntire surface area.
T h e lead oblique shock wave i s strengthened by t h e reaction such that i n t h e f a r field t h e shock angle reaches t h e Chapman-Jouguet (CJ) wave angle, a s will b e demonstrated in this article.
Model Equations
The dimensionless model equations are given below:
The dependent variables i n Eqs.
(1-6) a r e t h e density p , t h e Cartesian velocity component v,-, t h e pressure P , t h e internal energy e, t h e temperature T, a n d t h e reaction progress variable A. The independent variables are time t and the Cartesian position coordinate #,-. The dimensionless parameters are the ratio of specific heats y, the kinetic rate constant K, the heat of reaction q, and the activation energy ®. Here the
Equations (1-3) express conservation principles for mass, momenta, and energy, respectively. Equation (4) is a species evolution equation that incorporates a n Arrhenius depletion model. Equations ( 5 ) a n d ( 6 ) a r e caloric a n d 
In Eqs.
(1-6) pressure, density, a n d temperature a r e scaled so their preshock values are unity; velocities are scaled by a number closely related to the preshock acoustic speed. The length o f t h e projectile L i s chosen a s t h e reference length scale. The reference time is of the same order of magnitude as t h e time f o r a fluid particle t o traverse t h e length o f t h e projectile. In terms of dimensional (indicated by the notation """") variables, parameters, and preshock ambient conditions (indicated by the subscript "0"), the dimensionless variables are defined by Here, M 0 is the freestream Mach number that is required in the initial preshock conditions. The dimensional parameters are q the heat of reaction, E the activation energy, R the gas constant for the particular fluid, c v the specific heat at constant volume, a n d k t h e kinetic rate constant. With this scaling, initial preshock conditions a r e specified a s p = 1, u = VyM () , v -0, P = 1, T = 1, e = II(y -1), and A -0.
Numerical Analysis
(1-6) w a s performed using a new code 25 based on the Roe method. In brief, the code uses an explicit Roe scheme 5 and fractional stepping to integrate the equations in a generalized, curvilinear coordinate system. The integration has second-order spatial accuracy in smooth regions of the flowfield and first-order temporal accuracy. In the implementation of the Roe scheme, all eigenvalues and eigenvectors of the generalized flux Jacobian matrices were obtained analytically, resulting in an efficient and robust code. The second-order spatial accuracy was obtained using a version of the higher-order total-variation-diminishing (TVD) schemes for Roe averaging suggested by Chakravarthy and Osher.
26
The code works in a finite volume sense, requiring flux boundary conditions on all sides of the domain. At the inflow, all fluxes were specified based upon the chosen inflow quantities.
A t t h e projectile surface, slip wall boundary fluxes were specified by setting the transverse component of the velocity (in t h e curvilinear space) t o zero.
T h e only nonzero components of the transverse flux then involved the pressure at the projectile surface. This was estimated by using one-dimensional Riemann invariants a n d t h e nearest cell centered quantities, as suggested by Dadone and Grossman.
27 Lastly, the nonreflective boundary conditions suggested b y Thompson 28 were specified at the outflow. This method utilizes the characteristic formulation o f t h e equations t o remove reflections from t h e outflow boundary. Basically, outflowing characteristics a r e calculated with upwind differencing, while a n y i nflowing characteristics are set to zero. The boundary at the t o p o f t h e computational domain w a s treated a s a wall, b u t this had no effect on the solutions presented here since in all cases t h e far-field oblique detonation exited through t h e rear boundary without touching t h e t o p o f t h e domain. One-dimensional inert a n d reactive test cases were used t o verify the method. First, the classical Riemann shock-tube problem was considered (see, e.g., Hirsch, 29 pp. 204-211) for a calorically perfect inert ideal gas [y = ?, R = 287 J/ (kgK)]. Figure 5 gives instantaneous pressure, density, and particle velocity profiles at t j= 39 ms. Dimensional initial conditions were specified a s P = 10 values, a n d distance h a s been scaled b y t h e tube length, 1 0 m. The domain was broken into 200 uniform cells; no mesh adaptation was used. The numerical method does an excellent job o f matching t h e exact solution.
T h e weakest agreement is near the contact discontinuity, which is apparent in the first "step" o f t h e density curve. Shock discontinuities, present i n all the variables' profiles, are captured well in only a few points.
A more stringent test of the method was considered next. It is well-known that for certain values of q, 0, and overdrive Since the linear stability limits are known, 31 a good test of a method i s t o s e e i f i t correctly predicts solutions near stability boundaries. We present results for two cases, the first on the unstable side o f t h e boundary (Fig. 6 ), t h e other o n t h e stable side (Fig. 7) . In both cases, the initial conditions were the exact, steady Z N D detonation found from integration o f t h e ordinary differential equations that arise i n t h e steady wave frame.
T h e legends o f each figure indicate t h e total number of points used in the computational domain, as well as the number o f points contained i n t h e half-reaction zone length L 1/2 o f t h e initial Z N D solution.
T h e half-reaction zone length is defined as the distance in a steady solution between the detonation front and the point at which the reaction is half complete A = I. Also, for ease of comparison, the nondimensional time shown is that of Ref. 32, in which the scaling parameter is the time f 1/2 for a fluid particle to cross the halfreaction zone length. Figure  6 shows t h e peak pressure a t t h e front o f t h e detonation vs time for an unstable detonation (/ = 1.6, O = 50, q = 50, y = 1.2). The numerical method predicts a peak pressure that oscillates about that predicted by the steady Z N D solution.
T h e amplitude a n d period o f t h e oscillation agree well with previous solutions.
33 Figure 7 shows the same plot f o r a stable detonation ( / = 1.8, ® = 5 0 , q = 5 0 , y = 1.2).
T h e solution exhibits initial oscillations; these dampen, and the peak pressure correctly approaches a long-time value close t o t h e independently-predicted Z N D peak pressure. U sing more points i n t h e computational domain resulted i n t h e numerical solution more closely approaching t h e Z N D peak pressure. A number of cases even closer to the stability boundaries were examined, a n d i n each t h e method correctly predicted the steady or unsteady behavior.
Results
F o r t h e
unconfined double wedge, steady propagation speeds were sought that gave rise to a force balance as the heat release parameter q w a s varied, 11. o f a real physical system. A common 1 9 9 x 9 9 fixed computational grid w a s used i n a l l cases. Doubling the grid resolution in both directions yielded results with only slight quantitative changes. Convergence t o steady state w a s typically achieved in about 5000 time iterations. At this point the unsteady residuals, ¥? = E/l, 2/1 1 \V» Jk -y^l\/NM, were a l l near 10~6. Here, ^ a n d ty% are, respectively, t h e average and local residual at time t n = nkt in either p, u, v, P, or e + (u 2 + v 2 )/2. Also, / and j are spatial indices, N and M a r e t h e total number o f points i n t h e x a n d y directions, respectively, and n is a temporal index. A typical simulation required about three h o f computing time o n a n I B M R S / 6000 POWERstation 350 having 64 Mb RAM and rated at 18.6 MFlops.
The CJ Mach number (Af ( , c7 ) for a detonation with a lead shock normal t o t h e flow direction i s determined solely b y q and y
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; for the parameters listed 4.275 < M I]CJ < 4.517. For cases attempted in which M (} < M ()C/ , a normal detonation would form a n d propagate forward i n t h e domain until i t h i t the inflow boundary. This corresponds to the detonation attempting to reach its natural, unsupported propagation speed. All cases considered here in which force balances were found had a n incoming Mach number well above M I}CJ (5.5 < M () < 8.5); consequently, the steady propagation speeds we find are in what i s commonly known a s t h e superdetonative regime. The projectile achieves a steady velocity when the force due to pressure wave drag, which tends to retard the motion, is balanced by the thrust force induced by combustion, which tends to accelerate the projectile. The dimensionless net force per unit depth F net is given by the pressure force integrated over t h e circumference o f t h e diamond-shaped wedge: F net = # Pn, ds, where n t i s t h e unit normal t o t h e surface a n d ds i s an element o f a r c length o f t h e diamond-shaped wedge o f Fig. 3 . This integral is evaluated numerically. Due to symmetry, t h e only nonzero component o f F net i s i n t h e x direction. This force is defined to be positive if it points in the negative x direction. occurs off the leeward wedge surface far downstream, resulting in a F net < 0. As the Mach number is increased, the reaction moves forward onto the wedge, eventually reaching a point a t which t h e wave drag o f t h e projectile i s balanced by the thrust due to chemical reaction. Increasing M 0 past this equilibrium point moves the reaction closer to the wedge apex on the leeward side, resulting in positive F net . Increasing A/o still further pushes the reaction over the apex and onto the front of the wedge. The pressure increase due to chemical reaction on the front of the wedge is then balanced by the resulting higher pressure o n t h e leeward side o f t h e wedge. Figure 14 shows plots of the pressures along the lines of symmetry a n d projectile surface f o r t h e stable a n d unstable cases of interest. Here there are about 90 grid points distributed o n t h e wedge surface. A s a verification o f t h e code's ability t o predict two-dimensional flows, plots o f t h e exact and numerical pressure traces f o r a n inert flow over t h e projectile are also given. The numerical pressure closely follows the exact solution, showing t h e biggest discrepancies a t t h e shock a n d rarefaction discontinuities.
T h e discontinuities a r e still captured well, however, and there is no evidence of any Gibbs phenomena. Drag calculations for the exact and numerical solutions show that they a r e i n excellent agreement. For the stable case, Fig. 14 indicates significant reaction on the front face of the wedge. The pressure rises slowly following t h e lead shock, a n d then rapidly prior t o t h e rarefaction at the wedge apex. Following the apex the pressure remains above that of the inert case, and then jumps again through the trailing shock at the end of the projectile. The unstable case h a s a different character. Again, t h e pressure rises slowly following t h e lead shock, b u t t h e peak prior t o t h e rarefaction is lower. The pressure drops through the rarefaction, but again is above that of the inert case. The pressure peaks on the back of the wedge where the reaction reaches completion, and then jumps through the trailing shock.
Lastly, in the far-field limit the numerical results strongly suggest that t h e lead oblique shock h a s been strengthened b y the reaction so as to evolve into a CJ oblique detonation. This result gives numerical confirmation t o ideas p u t forth b y Chernyi. 34 As discussed in detail in many sources (see, e.g., Refs. 14, 16, and 17), the CJ oblique detonation is the unique oblique detonation that has at the end of the reaction zone a velocity component normal to the shock front that is locally sonic. For each of the cases in which a force balance existed as plotted i n Fig.  9 , t h e far-field shock wave angle /3 w a s graphically measured and compared to the analytically known CJ wave angle fi. These results a r e plotted i n Fig.  1 5 . I t i s seen that t h e analytic prediction i s i n agreement with t h e numerical prediction within the limits of accuracy (shown by the error bars) with which the numerically predicted angle can be determined. It was also noted that in cases in which the incoming Mach number did not give rise to a force balance, t h e far-field behavior w a s that o f a C J oblique detonation.
Discussion
For the model considered, this article has shown that a force balance a n d consequent terminal velocity i s achieved when the reaction zone length scale is of the same order of magnitude as the projectile's geometric length scale. The trends of 1) the variation of net thrust with Mach number for fixed heat release and 2) the variation of steady propagation speed with variable heat release are consistent with those of Refs. 1 a n d 2 that used methods that were n o t a s quantitatively accurate a s that o f t h e present article. The results also demonstrate that the CJ condition has only limited relevance i n this problem. A s t h e normal C J velocity is independent o f reaction kinetics a n d t h e steady flight speed is dependent on kinetics, the two are clearly independent. The only significance of the normal CJ Mach number is as an overly conservative lower bound for flight speeds. Furthermore, a s t h e C J oblique detonation angle i s predicted i n t h e far field f o r cases with a n d without force balances, i t plays n o role i n t h e determination o f t h e steady flight speed. The results presented here suggest, but do not prove, the flow is stable, since the code is time accurate and the numerical method has demonstrated capability of capturing onedimensional instabilities. Our resolution yielded between three a n d four cells within t h e reaction zone; one-dimensional simulations o f piston-driven detonations indicate this m a y b e sufficient, but that more points in the reaction zone would be desirable. Interestingly, t h e far-field C J oblique detonation appears stable, although i t s one-dimensional piston-driven equivalent is known to be unstable. The oblique detonation stability question m a y b e better addressed b y a linearized analysis i n combination with higher resolution numerical simulations.
